In quantum field theory, the photon-fermion vertex can be described in terms of four form factors which encode the static electromagnetic properties of the particle, namely its charge, magnetic dipole moment, electric dipole moment, and anapole moment. For Majorana fermions, only the anapole moment can be nonzero, a consequence of the fact that these particles are their own antiparticles. Using the framework of quantum field theory, we perform a scattering calculation which probes the anapole moment with a spinless charged particle. In the limit of low-momentum transfer, we confirm that the anapole can be classically likened to a point-like toroidal solenoid whose magnetic field is confined to the origin. Such a toroidal current distribution can be used to demonstrate the Aharonov-Bohm effect. We find that, in the non-relativistic limit, our scattering cross section agrees with a quantum mechanical computation of the cross section for a spinless current scattered by an infinitesimally thin toroidal solenoid. Our presentation is geared toward advanced undergraduate or beginning graduate students. This work serves as an introduction to the anapole moment and also provides an example of how one can develop an understanding of a particle's electromagnetic properties in quantum field theory.
I. INTRODUCTION
In quantum field theory (QFT), the interaction vertex between a single photon and a spin-1 2 fermion can be characterized in terms of four electromagnetic (EM) form factors. In the limit of vanishing momentum transfer between the photon and fermion, the form factors encode the static EM properties of the particle, namely, its charge, magnetic dipole moment, electric dipole moment, and anapole moment.
1,2 For beginning graduate students in QFT, two of these moments are certainly familiar, and likely, these students have seen how, in the low-energy limit, one can establish a connection between the QFT formalism and simple Coulombic potentials or magentic dipole interactions. In this paper, we will focus our attention upon the anapole moment -probably the least familiar static property. Classically, the anapole moment arises as a contact quadrupole moment in a multipole expansion of the magnetic field. 3 The paradigmatic example of a classical EM source with non-zero anapole moment is a toroidal current distribution; this paradigm carries over to the quantum realm. Using the formalism of QFT, we will effect a scattering calculation that, in the low-energy limit, will make clear that the EM analogue of the quantum anapole is a point-like toroidal solenoid.
The possibility of the anapole interaction was first noted by Zel'dovich 4 after it was suggested that parity symmetry might be violated in the weak interactions. 5 He posited that the anapole moment a, collinear with the particle's spin, interacted only with currents, J, and not electric or magnetic fields. The low-energy interaction Hamiltonian was thus H int = −a · J, which prompted the analogy between the anapole and a classical toroidal solenoid. Experimental confirmation of parity violation 6 meant that the anapole moment was not a mere theoretical exercise, and decades later, the nuclear anapole moment of cesium-133 was definitively extracted from a nearly dominant background of other interactions.
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In contrast with the rich structure of a cesium nucleus, the sole static EM property of a spin-1 2 Majorana fermion is the anapole moment.
1,2,8 Majorana fermions are self-conjugate fields; that is, there is no distinction between particle and antiparticle. This fact severely constrains their electromagnetic interactions; they must be electrically neutral with vanishing electric and magnetic dipole moments. In terms of the Standard Model (SM) of particle physics, neutrinos are the only possible Majorana fermions. Experiments are underway to search for neutrinoless double-beta decay which, if observed, would confirm the neutrino's self-conjugate nature. 9 Moving beyond the SM, theories are rife with Majorana fermions. For example, in supersymmetry, the fermionic partners of the neutral SM gauge and Higgs bosons are manifested as Majorana fermions known as neutralinos. If these particles are the lightest supersymmetric particle, then they are a natural candidate for the dark matter (DM) of the universe. 10 Outside of supersymmetry, there are other models of DM particles whose primary interaction is through the anapole moment, 11-14 so their EM properties are germane to understanding, for instance, the relic density of DM.
In what follows, we will discuss, within the framework of QFT, the interaction vertex between a general spin-
fermion and a single photon. Then, narrowing our consideration to Majorana fermions, we will compute the scattering amplitude for a (spinless) charged scalar particle on a spin-1 2 Majorana fermion, which proceeds via the exchange of a single (virtual) photon. In the limit of small momentum transfer, the interaction probes the anapole moment of the fermion. At such low energies, this amplitude should be equivalent to the quantum mechanical scattering amplitude for scalar particles passing near an electromagnetic target, described, in this case, by a particular magnetic vector potential. We will find that the vector potential is consistent with a point-like toroidal solenoid. Outside of this point-like solenoid, the magnetic field vanishes, but the vector potential does not. As such, our scattering calculation can be used to explore the Aharonov-Bohm effect, a quantum mechanical phenomenon in which EM potentials impact the trajectory of the particle in a region with vanishing EM fields. We find that our QFT calculation is consistent with the QM scattering for a spinless charged particle on an infinitesimally thin toroidal solenoid.
II. PHOTON-FERMION VERTEX
In QFT, the single-photon EM interactions of a spin-1 2 fermion are governed by a Lagrangian term consisting of a contraction between the fermion current J µ EM =ΨΓ µ Ψ and the photon vector field A µ . By requiring the current to be Lorentz covariant and the overall interaction to be gauge invariant, one can decompose the operator Γ µ into four distinct terms; a pedagogical treatment of this procedure can be found in Ref. 15 . In the end, the matrix element for the electromagnetic current characterizing the fermion transition from momentum and spin states |p, s to |p , s is given by
where q = p − p is the four-momentum transferred to the fermion by the photon. vertex will be represented with a shaded circle as in Fig. 1 . In the limit of vanishing momentum transfer, i.e., q 2 → 0, the four form factors encode the static EM properties of the fermion. The electric charge of the particle is given by f 1 (0), and the anomalous magnetic dipole moment is related to f 2 (0). For the remaining terms, f a (0) is the particle's anapole moment, and f e (0) is its electric dipole moment. If a particle is to be its own antiparticle, then the particle must clearly be neutral, but it is not so obvious as to why a Majorana fermion's magnetic and electric dipole moments must vanish. A rigorous field theoretic proof of this fact can be found in Refs. 1 and 2.
These two papers also contain a more intuitive argument based upon the non-relativistic limit of the Hamiltonian which governs the interaction between the fermion and EM field.
1,2 The interaction Hamiltonian can be constructed by contracting the fermion EM current, Eq. (1), with the EM four-vector potential, A µ . The factors of the photon's four-momentum, q µ , that appear in the EM fermion current are mapped to derivatives, ∂ µ , of the four-vector potential in position space. Heuristically, we see that the f 2 and f e terms in the Hamiltonian will involve the EM field strength tensor
whereas the f a term will involve a derivative of the field tensor which can be related to a four-current via Maxwell's equations, ∂ µ F µν = J ν . In the non-relativistic limit, the Hamiltonian takes the form
In a local QFT, the Hamiltonian must be invariant under a CPT transformation; that is, it must be unchanged when, jointly, particles are changed to antiparticles, spatial axes are flipped, and time is reversed. Each of the electromagnetic moments (magnetic dipole, µ; electric dipole, d; and anapole, a) is given by the product of a scalar and the fermion's spin. As such, for a Majorana fermion, these moments pick up a minus sign under CPT . The electric and magnetic fields are even under CPT so that, overall, these magnetic and electric dipole terms in the Hamiltonian pick up an overall minus sign under CPT . As a result, the dipole moments must vanish. On the other hand, the current density J is odd under CPT so that the anapole term in the Hamiltonian is indeed unchanged under the transformation. In what follows, we will consider only Majorana fermions, setting f 1 , f 2 , f e ≡ 0.
III. LOW-ENERGY SCATTERING
As we mentioned above, real photons do not couple to the anapole moment. This can easily be ascertained from the operator for the anapole moment,
Because a real photon is massless, the square of its momentum vanishes, q 2 = 0, and because it is transverse, the contraction of its polarization and momentum vectors vanishes, · q = 0. With these facts, it is clear that the anapole vertex operator will vanish when coupled to a real photon. As such, the only EM probe of an anapole is the EM current of some other particle that scatters off the fermion.
In QFT, the simplest current with which to probe the anapole is that produced by a scalar (spinless) particle of charge e and mass m φ . Using a scalar particle lets us focus on the physics in the calculations without having spin complications in the current. Given a scalar field φ, the flow of charge can be described by the vector
Supposing the scalar particle is a plane wave with definite momentum k µ , then φ ∼ e −ik·x yields a current
We compute the scattering amplitude for this scalar particle incident upon a Majorana fermion of mass M ψ and initial momentum p. The outgoing momenta of the scalar and fermion are k and p , respectively. Scattering is achieved by the exchange of a virtual photon of momentum q ≡ p − p. The fermion only interacts through its anapole moment. The Feynman diagram for this scattering process is depicted in Fig. 2 . Following the conventions in Ref. 16 ,
2. An incoming scalar, φ, with momentum k scatters off a Majorana fermion, ψ, with momentum p via an anapole interaction. The outgoing momenta for the scalar and fermion are k and p , respectively.
the amplitude for this process is
A remark is in order about the practical aspects of computing scattering amplitudes for processes involving Majorana fermions. Majorana fermions are special solutions of the Dirac equation. Using a particular (Majorana) representation of the Dirac matrices, Majorana fermions are manifestly real with half the number of independent parameters as a Dirac fermion. (This notion of "realness" for a Majorana fermion can be generalized to an arbitrary representation of the Dirac matrices.
17 ) The Feynman rules appearing in most QFT texts are appropriate for Dirac fermions, but with some modifications, one can adapt these same rules for Majorana fermions as in, for example, Refs. 18 and 19.
Because Majorana fermions are solutions to the Dirac equation, the spinors satisfy pu
Armed with these identities, we can simplify the amplitude, Eq. (2), considerably:
This expression is entirely general; however, we wish to focus upon the limit in which the four-momentum transfer q is small, so in what follows we will expand our expression in powers of this momentum transfer, keeping only the leading order terms. Additionally, we may as well work within a specific frame -the rest frame of the fermion target. If we assume the scatterer to be at rest, then its four-momentum is p = (M ψ , 0). The scattered fermion's 3-momentum is that transferred by the photon, q, so that p = (E , q) with E = M 2 ψ + |q| 2 . Denoting the photon's energy as q 0 , the energy of the scattered fermion can be written as E = M ψ + q 0 = M 2 ψ + |q| 2 . Working with these two expressions for E , we find that, in the limit of small momentum transfer,
; this is just the non-relativistic kinetic energy of the scattered fermion. With these approximations, we can estimate the explicit kinematical factor that appears in the amplitude, Eq. (3), as
Now we evaluate the Dirac bilinears. We note that a Dirac bispinor can be written in terms of Pauli matrices and two-component spinors ξ s as follows
With this expression for the bispinor and our small q 2 assumption, we approximate the bilinears
With these approximations, we can then determine the leading order contributions to the scattering amplitude for small momentum transfer to be
where, for shorthand, we define the spin matrix element S = 1 2 ξ s † σξ s . Modulo some dimensional normalization factors, the scattering amplitude is proportional to the matrix element for the interaction Hamiltonian mediating the transition from initial to final states, H f i ∼ M. At low energies, the field theoretic amplitude should correspond to the quantum mechanical scattering amplitude. Examining the approximate amplitude, Eq. (9), the interaction Hamiltonian has the structure of the scalar's current interacting with the magnetic vector potential associated with the Majorana fermion, H f i ∼ −ek · A a . Thus, the vector potential associated with the anapole moment of the Majorana fermion is
again, modulo some dimensional factors. We note that both terms in Eq. (10) are both zeroth order in |q| in the Taylor expansion about the momentum transfer, despite the q-dependence of the second term. The above relation for the vector potential, Eq. (10), is expressed in terms of its momentum representation. By taking its inverse Fourier transform, we can determine the expression for the vector field in position space:
The first term in Eq. (12) arises from the q-independent term in Eq. (10). This is the vector potential associated with a classical point-like anapole moment, 3 with its moment aligning with the particle's spin vector. The impact of this vector potential is confined to the origin. The second term arises from the q-dependent term in Eq. (10), and it extends through all of space. We note that the structure of this second term is consistent with the large r behavior of the vector potential (in the Coulomb gauge) outside of a classical toroidal solenoid, again with the solenoid's symmetry axis lying along the direction of the particle's spin.
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To be concrete, we now suppose that the spin of the Majorana fermion is aligned with the z-axis and that no spin flip occurs during scattering, s = s. Then, we have S = Sẑ with S = 1 2 . We can take the curl of the vector potential to determine the associated magnetic field:
The second term in Eq. (12) has no curl (nor divergence) and thus yields no contribution to the magnetic field. This is consistent with the notion that the anapole moment of a Majorana fermion can be thought of as a point-like toroidal magnetic field. The magnetic field in Eq. (13) is only nonzero at the origin, but if smeared out, it would be directed azimuthally, also consistent with a torus whose axis lies on the z-axis. The magnetic field outside the torus would vanish, as does the field for the anapole moment. Up to this point, we have assumed that the momentum transfer to the Majorana fermion was small relative to its mass, M ψ . Let us make some further simplifying assumptions. Suppose that the charged scalar particles are also non-relativistic, i.e., |k| m φ . Additionally, we will take the target fermion mass to be much greater than the scalar particle's mass, M ψ m φ . In this limit, the target recoil is negligible, and the scalar particle's kinetic energy is essentially unchanged |k| ≈ |k |. Finally, we will align the incoming scalar current with the fermion's spin along the z-axis, k = |k|ẑ.
With these assumptions, the scattering amplitude is approximated by
where the scattering angle θ is the usual polar angle. From the amplitude we compute the differential cross section
with α the fine structure constant.
IV. APPLICATION TO THE AHARONOV-BOHM EFFECT
At low energies, the EM analogue of a Majorana fermion is a point-like toroidal solenoid with a magnetic field confined to the origin but a nonzero vector potential throughout all space. Given this, we can use the previous calculation to explore the impact of the curl-free vector potential upon the scattering amplitude -a variant of the Aharonov-Bohm (AB) effect as applied to toroidal solenoids. In their seminal paper, Aharonov and Bohm showed, theoretically, that in quantum mechanics the electron state can be measurably impacted by a magnetic vector potential even if the magnetic field vanishes along the electron's trajectory. 21 One of their proposed experimental tests was to have an electron beam pass on both sides of a solenoid with a confined magnetic field. The phase of an electron wave function changes passing the solenoid, with a net phase change between that part of the wave that passed on one side compared to the part of the wave that passed on the other side given by ±e A · dr for a line-integration path surrounding the solenoid. This effect was confirmed experimentally, 22 but some critics, e.g., Ref. 23 , claimed that fringing magnetic fields around the finite solenoid were responsible for the observed phase shifts. To counter this criticism, it was suggested that the effect be explored with a toroidal solenoid;
24 with this geometry, the magnetic flux is completely contained within a region inaccessible to the electron. Years later, the toroidal analogue of the original AB experiment yielded results consistent with the AB effect.
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Returning to the last section, we find that the non-relativistic differential cross section, Eq. (15), strongly depends upon the vector potential for r > 0 where the magnetic field is zero. The angular dependence of the differential cross section is derived wholly from the second term in the vector potential in Eq. (12) . If the only contribution to the scattering were due to the nonzero magnetic field, then the amplitude would be M = 8ef a M ψ S|k| with, for example, forward scattering being equally as likely as backward scattering. The physical consequences of the vector potential where the magnetic field vanishes is a pure quantum effect.
Because our calculation is entirely non-relativistic, we should be able to compare our QFT result with a nonrelativistic quantum mechanical calculation of the scattering amplitude of a spinless charged particle incident upon an infinitesimal toroidal solenoid. In the literature, we find several such calculations. 24, 26, 27 Focusing on Ref. 24 , the authors compute this amplitude, assuming a thin classical toroidal solenoid of radius R carrying a magnetic flux Φ, in the first Born approximation. The authors also assume that the electron current and the solenoid's axis are both aligned with the z-axis, analogous to our above computation. Converting their results to natural units, they find
with a differential cross section given by dσ/dΩ = |f (θ)| 2 . This result is not expressed in terms of the anapole moment, so to aid comparison, we first compute the anapole moment for a classical ideal torus centered at the origin, with symmetry axis aligned with the z-axis. We choose the current orientation so that the magnetic field is in theφ direction. The simplest solenoid to consider is one with a rectangular cross-sectional area. Let the height of the solenoid be h and its interior and exterior radii be R and R + , respectively. Supposing a current I runs through N turns of the solenoid, the magnetic field in the interior of the solenoid is B = µ 0 N I/(2πρ)φ, where ρ is the distance from the z-axis. Given this field, we compute the flux through the solenoid to be
where we assume a thin torus with R and denote the torus's cross-sectional area as A. Adapting the definition of the anapole moment for a line current, 3, 28 we find
where d is a current-directed infinitesimal line element. We note that contributions to the anapole moment from the radial current vanish. Given this, we can rewrite the flux in terms of the magnitude of the anapole moment as Φ = a/(4πR 2 ), where we move to natural units by setting µ 0 = 1. In terms of the classical anapole moment, the quantum mechanical scattering amplitude in Eq. (16) can be written as
Given our choice of conventions, the quantum mechanical amplitude is related to the QFT amplitude in Eq. (14) via f (θ) = M/(8πM ψ ). Comparing the two, we see that both amplitudes will result in the same differential cross section assuming we identify the Majorana fermion's anapole moment with the classical one via a = 8f a S.
V. CONCLUSION
Because a Majorana fermion is self-conjugate, its sole static electromagnetic property is the anapole moment. In single-photon interactions, we have seen that these particles only couple to virtual (but not real) photons. This corresponds to the notion that anapoles only experience interactions due to the currents of other particles, but not to local external electric or magnetic fields. Through low-energy scattering, we see that the quantum anapole behaves like a point-like toroidal solenoid. Assuming the fermion's spin is aligned with the z-axis, the anapole's magnetic field is azimuthal in direction and confined to the origin. Because the anapole's magnetic vector potential is nonzero throughout space, one can use a Majorana fermion to explore the AB effect with toroidal geometry.
In our scattering calculations, we have exclusively explored the low-energy limit, assuming small momentum transfer. But, because we work in a field theoretic framework, one could easily explore the behavior of the anapole moment in the relativistic regime and generalize to currents from particles carrying spin. The only word of caution in extending the discussion to higher energies is to note that the anapole moment represents an effective interaction; that is, the coupling between a Majorana fermion and photon is mediated by charged particles in a more fundamental theory. If one (or both) of these charged particles is more massive than the Majorana fermion, then its stability is assured. If the dominant-mass particle is much heavier than the Majorana fermion, then the details of these charged-particle interactions are irrelevant at low energies. But, as the momentum transfer in a scattering process increases, further underlying physics could become appreciable. As an example, suppose we were to compute the real Compton amplitude for a Majorana fermion, which involves the interaction between two real photons (viz., the incident and subsequently scattered photons) and the fermion. We would conclude that the amplitude vanishes because anapoles do not couple to real photons. However, generically, the coupling between Majorana fermions and two photons is nonzero.
30 So, at sufficient energies, Majorana fermions can scatter photons. 
